
-OLUTIONSHEET 12 :

1. Recall that for a quartic f(x) = XY + ax3+ bx2+ (x +dits

resultant is given by r(x) = X3-bx2 + (ac- 4d)x - (ad + (2- 46d)
Let us denote the Gollois group of f byGf.

(i) f(t , x) = x
3

+ (2t +3)x - 1 Lets compute the discriminant.
A fl = -(4 .

(2t+313 + 27) Note that ALflEQIt)
↑

which is a UFD. Now by Gauss' Lemma ,
D(f) is a square in Q(t)

if and only if Alf) is a square in QIt]. However it can't be a

square in Qtt] as AlfI has degree 3 into

(ii) f(x)= X4 - 7x2+ 1 : Notice that reducingf mod 3 we obtain f(x) = x4 + 2x2+ 1

which can be checked to be irreducible.

We compute its resultant to find r(x1 = X 3 +7x2-4X-28. Note that I is a not

of r(X) and r(X1 is not irreducible
.

Computing the discriminant of f(x) we get .
A(f) = 16 (49-412 = 16 . 452 = (4 .45)h

this D(f) is a square .

This snows that Gf =V
.

(iii) f(x) = XY-5x+ 2 : It can be seen by Eisenstein with 2 that is is

The discriminant of f is DLf) = -27
. 1-54 + 256(213 as it is negative Alf) is

not a square. Let us compute its resultant

r(x) = X 3 + 1 - 5 - 8)X - 25 = x3- 13x - 25 reducing r(X) modulo 2

we get F(X) = X3+ X + 1 which is irreducible .

This shows that r(x) is i
.
&

Gf = S4
.

(ivIf(x) = x3-X-1 : Consider f as a polynomial over IF3. Note that it has no roots in Is
this by the Artin-Scherier tha

, its irreducible. Now computing its discriminant
we see that it is not a square , in fact A(fl = 19 . 131 .

Reducinf mod 2 we obtain F(x) = (1 + x+x2)(1 + x2+x3) then by
Dedekind thm

. Gf contains a cycle of type (2,31
.

Moreover

fis irreducible in z thes Gf contains a cycle of length 5. . This shows that
Gf = S5 .

(v) f(x) = Xb - x5+ XY - x3+x2- X+ 1 : Notice that
X + 1 = (X- 1) . f(x) .

Thus SFalf(x)) = SFa(X7+ 1)
.

Now as n is odd, x7 + 1 =
- () -x)7 - 1) this the Gabis group of

* + 1 is the same as the Galois group of X *-1 by a change of
variable X +-X

.
This shows that Gf = /6·



2. First
,
let us write the discriminant& resultant of f(x) = X" + ax +6.
A(f) = 2794 + 25663

r(x) = X3
- 46X -92 .

(i) (a
,6) = (1 . 1) In this case X* + X + 1 is irreducible as its reduction mod2

is irr
. Moreover

,
Alfl = 256-27 = 229 which is not a square .

and r(X) = X3 - 4X-1 which is irreducible as its reduction mod3 is

F(x) = X3+2x + 2 and it doesn't admit any roots. This shows that GfSy

(ii) (9 , b) = (8 , 12) f(x) = X"+8x+ 12
-

First note that to show is irr. in Q[X]
it suffices to show that is irr.

in IX)
.
It is not hard to see that

f(x1 doesn't have a root in E .
Moreover trying to writef as a product

of two quadratic polynomials ,
we see that it doesn't work

.

Now D(f) = 5762 and r(x)= X
3
- 48x - 64 reducing r mod3 we get

F(X)= X3 - 2 which doesn't have any roots = r(X) is irr. - Gf = A4.

(iii) (b)= (3,31 f(x) = X4 + 3 x+3
,
Eisenstein with 3 shows that fixI is if.

Now D(fl = -27. 34 + 256.
33 = (256-81) .

33 = 173
.
33 = 7

.
5233 is not a

squere .
r(X) = X3-12x-9 as -3 is a root r(x) is reducible and

Gf = D4 or C4 . Now to see that Gf = Dy we show that f is is

over Q(55) = Quil
.

To see that first note that it can be factorized by
a cubic as 3 doesn't divide IGfl in either case. It can be also seen

that it can't be written as a product of the quadratic poly . By direct computation.
To obtain the Contradiction

,
use that i Q(FA)

.

(iv) (aib) = (5 .5) as before f(x) is irr. and Alf) = (256 = 135) . 53= 112. 33 #Q2
We compute r(X1 = X3-20x-25

,
as 3 is a root

, r(X) is reducible and

Gf = Dy or Cu
.
Now lets show that f(x) = X* + 5x+ 5 is reducible over

QIA) = Q(5)
.
It can be checked that

f(x = (x2 + Ex+3)(X)- Ex +5) and thus GFEC4.

(v) (ab) = 10, 1) then f(x) = X4+1 in this case Alf) = 256 = 162
and r(X1 = X3-4X is reducible and Gf = V.


